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It has been recently shown that observing pulses isolated from the gravitational radiation transient
(also known as echoes) would prove the existence of exotic compact objects (ECOs). Many features
of the ringdown signal can be reproduced by simulating a scattering problem instead of the full
coalescence of ECOs. In this paper, we study the dynamics of scalar and tensor wavepackets colliding
against a spherically symmetric Morris-Thorne wormhole. Our aim is to extract the features of the
time-dependent scattering solutions inside and outside the effective potential cavity in addition to
their asymptotic behavior. Using the geometrical optics approximation, we show that the amplitude
of the echoes is only large enough in a narrow bandwidth of frequency space. Additionally, we
show that the cavity modifies the polarization of the asymptotic gravitational wave solutions. The
computer code used to produce these results is publicly available for further applications, including
scattering and accretion processes.
I. INTRODUCTION
The era of gravitational wave (GW) astronomy [1, 2]
has begun. GW spectroscopy, in contrast to its atomic
counterpart, allows us to characterize strong gravita-
tional interactions in their radiative regime. In this new
range of frequencies, it is now possible to explore the
role of dynamical gravitational degrees of freedom in a
wide range of astrophysical [3, 4] and cosmological [5, 6]
phenomena.
The prolonged absence of observational evidence con-
firming the dynamical properties of spacetime has mo-
tivated a plethora of conjectures about the behaviour of
gravity within and beyond [7–9] classical General Relativ-
ity (GR). The potential existence of exotic compact ob-
jects (ECOs) sourced by quantum effects on gravity [10–
12] (such as wormholes, firewalls and gravastars) has cap-
tured the attention of many recent efforts [13–30]. The
primary claim is that the detection of a train of “echoes”
isolated from the main transient of GW and with generi-
cally large amplitudes would be clear evidence of ECOs.
It is, therefore, necessary to understand (i) the mecha-
nisms behind the production of echoes and (ii) the in-
tensity and spectrum of the outgoing wavelets compared
to the GW transient in the most straightforward pos-
sible setup. In this paper, we explore the generation of
echoes by colliding wavepackets of scalar and tensor radi-
ation against a traversable spherically symmetric worm-
hole [31]. We find that such a wormhole behaves just like
a Fabry-Perot cavity and shares common properties with
the effective potential cavities made by other ECOs, like
gravastars and firewalls. Additionally, the main features
of the outgoing pulses are similar to the ringdown signals
expected from the coalescence of ECOs.
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Here we consider a simplified wormhole configuration
made by the junction of two Schwarzschild geometries of
equal masses at r0 > 2M , widely known as the Morris-
Thorne wormhole [16, 32]. In this case, the symmetry of
the centrifugal barriers at r = 3M on each side of the
throat allows us to find the reflection and transmission
coefficients of the cavity. Hence, it is possible to recon-
struct the spectral shape of the outgoing pulse using the
geometrical optics approximation. Nevertheless, this ap-
proximation predicts an exponential decay of the subse-
quent higher order reflections, which appears instead as
a power law in the full solution of the scattering prob-
lem. Thus, the excitation of quasinormal modes (QNMs)
is the only cause for the presence of echoes in the time
evolving profile. These modes are sourced by a sequence
of internal reflections inside the potential cavity and then
propagate throughout the surface of the maximal poten-
tial energy spheres (i.e., the “edges” of the potential bar-
riers), while radiating energy to the exterior. QNMs of
the Schwarzschild solution have been extensively studied
and reproduced in various analytic and numerical simu-
lations [33, 34]; thus it is easy to identify their character-
istic frequencies in the spectrum of outgoing pulses. We
also present the full scattering solution both inside and
outside the wormhole cavity in detail, along with the en-
ergy fluxes and the asymptotic solutions for the principal
spherical modes of a scalar (and tensor) wavepacket. In
addition to this, we find the width and frequency inter-
vals contained in the incident wavepackets for which the
outgoing wavelets have maximal amplitudes.
In the scattering of gravitational radiation, we ob-
serve that the shape of the potential walls is differ-
ent for the even and odd polarization modes. Due to
this difference, we find that the echoes from an un-
polarized ingoing Gaussian wavepacket obtain a small
net polarization, even when there is no distinction in
their spectral content. Our computer code is opti-
mized to solve both scalar accretion and scattering prob-
lems, and is publicly available at https://github.com/
andrei-v-frolov/accretion/tree/wormhole.
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2The layout for this paper is as follows: in section II,
we review the scattering problem of scalar waves starting
by a quick overview of the dispersion of a Gaussian pulse
by a Schwarzschild black hole. The main point of this
section is to calculate the transmission and reflection co-
efficients of each of the centrifugal barriers constituting
the resonant cavity, formed in the case of a wormhole.
Our results show a frequency “sweet spot” such that the
incident pulse is not fully reflected nor fully transmit-
ted by the cavity, favouring multiple internal reflections
that source the QNMs. Furthermore, we solve the prob-
lem of scattering by a wormhole directly using the same
ingoing Gaussian wavepacket, and then we compare the
Fourier transform of this solution with the pulse recon-
structed following the geometrical optics approximation.
We find that the approximate reconstruction matches the
full solution, up to the peaks due to the QNM frequencies.
Likewise, we evaluate the amplitude of each of the echoes
as a function of the width of the initial gaussian wave-
form, finding that a single width of the incident pulse
maximizes the amplitude of all the echoes. In Section
III, we extend the results in the previous section to a
Gaussian pulse of tensor fluctuations of the metric by
following the even and odd decomposition of the tensor
modes introduced by Regge, Wheeler and Zerilli in [35–
38]. Our results can be recasted in terms of the usual
asymptotic polarization modes h+ and h×, known as the
perturbations of a flat metric. In this section, we also ob-
serve that the echoes from an unpolarized incident mode
obtain a small piecewise net polarization in spite of the
spherical symmetry of the scattering target. We conclude
with a discussion in Section IV.
II. SCATTERING OF SCALAR WAVEPACKETS
In this section, we solve the scattering of a Gaussian
wavepacket by a spherically symmetric wormhole. To do
so, we will first review the dispersion by the centrifugal
barrier of a spherically symmetric black hole in order to
find the properties of the potential cavity.
A. Scattering by a Schwarzschild black hole
Our primary objective is to study the dynamics
of scalar and tensor wavepackets scattering a Misner-
Thorne wormhole at all points. Thus, we first review
the dispersion of scalar waves by a Schwarzschild black
hole, thoroughly studied in [39–42], wherein the collision
against each of the two potential walls (constituting the
effective potential cavity formed by a wormhole) is stud-
ied in full detail. The dynamics of the scattering problem
is found by solving the equation of motion for a test scalar
field
Φ = 0, (1)
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FIG. 1. Effective potential for the spherical modes Ubh20 (x, t)
scattered by a Schwarzschild black hole, growing with `. The
wall acts as a barrier transparent to certain frequencies above
a transmissivity threshold and reflective for lower frequencies.
where  ≡ gαβ∇α∇β is the standard d’Alembertian in
a curved background. Here gαβ is the metric tensor in a
spherically symmetric Schwarzschild-like static spacetime
gαβ = −f(r)δtαδtβ +
1
f(r)
δrαδ
r
β + r
2
(
δθαδ
θ
β + sin
2 θδφαδ
φ
β
)
.
(2)
It is convenient to introduce the tortoise coordinate x:
x ≡
∫ r
r0
dr
f(r)
, (3)
In the case of the Schwarzschild metric f(r) = 1 − rg/r
the last expression yields
x = r − r0 + rg ln
(
r − rg
r0 − rg
)
, (4)
for rg < r < +∞ and r0 > rg, where rg = 2M is the
usual Schwarzschild radius. By direct evaluation, we see
that r = r0 corresponds to x = 0, the horizon r = 2M
maps into x → −∞ and r → +∞ is x → +∞. In our
numerical routine, we invert (4) to get r ≡ r(x) (see
the appendix A, subsection 6 in [3] for more details). In
tortoise coordinates, we can decompose the scalar field
in spherical harmonics
Φ(x, t) =
1
r(x)
∑
`,m=0
Ubh`m(x, t)Y`m(θ, φ), (5)
in that way we can rewrite (1) as[−∂2t + ∂2x − V bhscalar(x)]Ubh`m(x, t) = 0, (6)
and the effective potential V bhscalar(x) is given by
V bhscalar(x) =
(
1− rg
r(x)
)[
`(`+ 1)
r(x)2
+
rg
r(x)3
]
. (7)
3After rearranging the variables, the equation of motion of
the spherical modes is now written in its traditional linear
waveform. In Fig. 1, we observe the growth of the poten-
tial barrier with the angular momentum number `. The
potential wall does not vanish for the monopole (` = 0)
due to the extra term proportional to r−3 appearing after
the coordinate change, which replaces the radial damp-
ing in the original Schwarzschild coordinates (t, r). Such
a term becomes subdominant for all ` ≥ 1. Intuitively,
it is reasonable to expect that the modes with frequency
above a given threshold (related with the thickness of
the wall) can cross the barrier, while reflecting the lower
frequency modes.
Now we setup the scattering problem for one of the
spherical modes (Ubh20 , the quadrupole) with the following
initial conditions corresponding to an ingoing Gaussian
wavepacket
Ubh20 (x, 0) = exp
(
(x− x0)2
2σ2
)
, ∂tUbh20
∣∣∣∣
t=0
= ∂xUbh20 (x, 0),
(8)
After fixing the values of the width to be σ = 0.9185rg,
the initial position of the Gaussian at x0 = 60.0rg,
r0 = 20.0rg and the initial conditions in (8), we show
the time-dependent solution of (6) in Fig. 2, where we
distinguish the incident, transmitted and reflected parts
of the solution. It is important to observe the absence of
spurious late time reflections and interferences due to the
implementation of perfectly matching layers (PMLs) in
the outermost regions of our simulation box (see the de-
tails of our setup for PMLs in [3]). We observe the main
features of the reflected signal in Fig. 3, where the asymp-
totic behavior of the signal shows a sharp transient as a
consequence of the collision against the potential wall,
and the ringing of quasinormal modes occurring right af-
ter the reflection in agreement with [43].
It is now possible to evaluate the reflection and trans-
mission coefficients of each of the potential walls de-
picted in Fig. 1. To do so, we compute the one di-
mensional Fourier transform of the incident U˜ inc20 (ω) =
F [Ubh20 (0, x)], reflected U˜ ref20 (ω) = F [Ubh20 (t,+∞)] and
transmitted U˜ trans20 (ω) = F [Ubh20 (t,−∞)] from the solved
scattering modes in order to define
R(ω) ≡ ||U˜
ref
20 (ω)||
||U˜ inc20 (ω)||
, T (ω) ≡ ||U˜
trans
20 (ω)||
||U˜ inc20 (ω)||
(9)
as the transmission and reflection coefficients of an
arbitrary potential barrier, respectively. In Fig. 4, we
plot the squares of these coefficients as functions of fre-
quency observing that the identity R2 + T 2 = 1 is only
approximately met because of the small contributions
coming from the QNMs frequency peaks in both the
transmitted and reflected solutions. The shape of both
the transmissivity and reflectivity curves is very similar
to an hyperbolic tangent step function1, intersecting at
1 This is not surprising after we consider the DeWitt approxima-
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FIG. 2. Dispersion of the ingoing Gaussian wavepacket Ubh20
by the potential barrier (plotted in black) showing the inci-
dent, reflected and transmitted pulses, it is possible notice
the ringing of the reflected solution due to the quasinormal
modes.
R2 = T 2 = 0.5, as expected. Furthermore, it is crucial to
notice from the last figure that it is only in a narrow band
of frequencies where the amplitudes transmitted and re-
flected by the potential barrier are comparable. in the
case of a wormhole, such a fact will be important in our
analysis.
tion for the transmissivity [44, 45], which is precisely given by a
step function.
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FIG. 3. Asymptotic solution for the quadrupole mode
Ubh20 (x, t) by direct evaluation of the results in Fig. 2. The
reflected signal shows its maximum peak and the posterior
ringing due to QNMs.
10−2 10−1 100
2Mω
0.0
0.2
0.4
0.6
0.8
1.0
R2(ω)
T 2(ω)
R(ω)2 + T (ω)2
FIG. 4. Reflection and transmission coefficients as a function
of frequency (ω), the identity R2 +T 2 = 1 is satisfied with an
error smaller than 1%.
B. Scattering by a traversable wormhole
In this section, we study the dispersion of Gaussian
wavepackets by a traversable wormhole, formed by the
junction at r0 > rg of two Schwarzschild black hole so-
lutions with equal mass. There is a discontinuity in Gαβ
such that at r = r0 = 20.0rg, any contracting congruence
of geodesics in one side of the throat starts to expand in
order to reach the other side, violating the weak energy
condition. Such a configuration is known in the litera-
ture as the Morris-Thorne traversable wormhole [32]. It
is important to mention that the Morris-Thorne solution
slowly evolves into a black hole configuration, as shown
in [26], and therefore, we should consider these results
are only viable in intervals much shorter than the cor-
responding transition timescales. The dynamics of the
scattering problem is still given by the solutions of (1)
−80 −60 −40 −20 0 20 40 60 80
x
0.0
0.2
0.4
0.6
0.8
1.0
1.2
V
w
h
sc
al
ar
(x
)
` = 0
` = 1
` = 2
FIG. 5. Effective potential cavity for the wormhole, we ob-
serve the growth of the barriers with the angular momentum
number `.
following the same decomposition in spherical modes as
in (5). Hence, the waveform of the equation of motion
for the spherical modes is given by[−∂2t + ∂2x − V whscalar(x)]U`m(x, t) = 0, (10)
and the effective potential V whscalar(x) yields
V whscalar (x) =
(
1− rg
r (|x|)
)[
`(`+ 1)
r (|x|)2 +
rg
r (|x|)3
]
. (11)
which is plotted in Fig. 5 and coincides with the shape
of the potential calculated in [16]. Strictly speaking, we
refer to r (|x|) as the same inverse of the function men-
tioned in (4) now evaluated at |x| − r0. As we can see in
Fig. 5, the new effective potential is merely a reflection
of the potential barrier in Fig. 1 about the ordinate axis;
thus, it is sensible to identify this system as a potential
cavity built from two potential barriers with the reflec-
tion and transmission coefficients depicted in Fig. 4. Fur-
thermore, let us assume that an arbitrary incident pulse
Φ0 propagates towards a cavity constituted by two differ-
ent potential walls with reflectivities Rright(ω), Rleft(ω)
and transmissivities Tright(ω), Tleft(ω). It is, therefore,
reasonable to approximate the spectrum of the asymp-
totic solution by a simple geometrical series of reflections
and transmissions inside the cavity acting on the incident
pulse, as shown in Fig. 6
Φwh(ω)|x→+∞ =
[
Tright ◦
∑
i=0
(
Ri+1left ◦Riright
) ◦ Tright
+Rright
]
◦ Φ0(ω), (12)
this expansion is in essence similar to the idea presented
in [27]. In the simplified setup suggested in Fig. 6 for the
Morris-Thorne wormhole – studied throughout this pa-
per – we require two identical potential barriers following
5FIG. 6. Schematic reconstruction of the outgoing solution by
a sequence of reflections and transmissions inside the potential
cavity.
Rright(ω) = Rleft(ω) = R(ω) and Tright(ω) = Tleft(ω) =
T (ω), which reduce the latter expression to
Φwh(ω)|x→+∞ =
[
R+ T ◦
∑
i=0
R2i+1 ◦ T
]
◦Φ0(ω). (13)
From (12), it is not difficult to see consider the hypo-
thetic case of a perfectly reflective wall (Rleft(ω) = 1)
replacing the left potential barrier in Figs. 5 and 6, the
reconstructed pulse is instead given by
Φf(ω)|x→+∞ =
[
R+ T ◦
∑
i=0
Ri ◦ T
]
◦ Φ0(ω), (14)
corresponding to the case of a firewall. Nevertheless, we
will not cover the features of the firewall solution in what
remains of this paper.
We now solve the scattering problem exactly for the
quadrupole mode U20(t, x). Using the same initial con-
ditions as in (8) for σ = 0.9185rg as the width of the
incident Gaussian pulse, we find the time-dependent so-
lution of the quadrupole mode U20 (left panel) and its
radial flux J20 ≡ ∆U20,x∆U20,t (right panel) in Fig. 7.
It is interesting to notice in the evolution plot (on the
left) that the signal forms an interference pattern at very
late times, showing that successive reflections might fill
the cavity. In addition to this, even when the amplitude
of the modes decreases after each collision against any
of the potential walls, the spherical modes propagate for
longer time throughout the spheres of maximal potential.
The scalar flux is shown in the right panel, we observe
that the only source of scalar radiation comes from the
first collision of the Gaussian wavepacket against the bar-
rier in the right hand side (the ingoing flux is colored in
black at the bottom of the contour plot). A sequence
of reflections occurs within the potential barriers, which
decay in intensity with time as the cavity leaks energy to
the exterior.
Amplitudes of the outgoing signals depend on the
width of the incident Gaussian wavepacket, this is vis-
ible in Fig. 8 where we plot the asymptotic solutions for
two different ingoing wavepackets: one with σ = 0.6495rg
in the left panel and a second one with σ = 5.196rg in
the right. After subtracting the outgoing solution for a
black hole, the presence of a train of wavelets, colloqui-
ally known as echoes, is very clear. For large values of σ,
the signal is not featureless after the transient, as we can
observe in the right panel of the same figure. Therefore,
subtracting the outgoing pulse (i.e., the case in which
there is only one potential wall) obtained from the black
hole is a convenient way to clean the signal from back re-
flections due to the “tails” of the potential barrier. The
necessity of this procedure is more evident in the case
depicted in the right panel of Fig. 8, where the ampli-
tudes of the echoes are four orders of magnitude smaller
than the transient. In both panels, we plot the variable
∆U20|clean ≡ U20|original − Ubh20 in the right upper corner
of the figures to represent the echoes and their net ampli-
tude after removing backscattering effects. Notice that,
in the upper corner of both figures, the amplitude of the
echoes does not decrease exponentially with time due to
the successive reflections inside the cavity.
As shown in subsection II A, the curves of reflectivity
and transmissivity determines which frequencies stay in
the cavity: most of the power of an incident pulse with
large σ is in the low frequency domain, and therefore
it will be reflected. The cavity is transparent to high
frequency signals, which are dominant in the pulses with
small σ. In either of these extremal scenarios, QNMs
cannot be sourced by internal reflections and thus, the
amplitude of the echoes is not large in general. Further-
more, the steepness of the transition near the overlap
point R2(ω) = T 2(ω) = 0.5 regulates the abundance of
frequencies in the spectrum of outgoing signals.
As a next step, we proceed to reconstruct the
asymptotic spectrum by following the geometrical
optics relation in (13) considering the reflectivity and
transmissivity operators defined in (9). Henceforth,
the outcome should be compared with the spectral
content of the asymptotic wave solutions of (10). We
calculate the Fourier transforms of both the Gaussian
incident pulse Φ0(ω) = F [exp
(
(x− x0)2/2σ2
)
] for
σ = 0.6495rg and x0 = 60.0rg, and the asymptotic
solution U˜echo20 ≡ F [U20(t,+∞)] including the echoes.
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FIG. 7. Left panel: Evolution of the quadrupole mode U20 for the effective potential in Fig. 5. We can notice the sequence of
reflections and transmissions inside the cavity is very similar to the scheme depicted in Fig. 6. Right panel: Evolution of the
radial flux J20 ≡ ∆U20,x∆U20,t, the only incident source comes from the collision of the pulse, which dissipates very slowly to
the exterior every time the internal reflections hit the walls of the potential cavity. QNM are sourced by this process.
After applying the reconstruction expression in (13)
up to i = 0 (in red), and comparing the outcome with
U˜echo20 , we show the reconstructed spectrum and U˜echo20 (in
blue) in Fig. 9. The low frequency oscillation peaks in
the blue spectrum correspond to the finite size of the
simulation box and should be ignored. Notice that the
spectrum reconstructed employing the geometrical optics
approximation gives the overall shape of the spectrum
with decent precision but not the QNM frequency peaks,
these appear in the same frequency interval where the
reflectivity and transmissivity curves intersect in Fig. 4.
It is, therefore, reasonable to talk about a “sweet spot”
in the frequency domain where the cavity maximizes the
amplitude of the echoes. Intuitively, after observing the
results in Fig. 8, it is possible to identify a similar “sweet
spot” in the parameter space space for the widths of
the incident Gaussian wavepackets, considering this is
a one parameter problem. However, it is also necessary
to not only compare the amplitude of each individual
echo with σ, but also the ratio between the amplitude
of the echo with the amplitude of the transient for each
value of the width, which is relevant since we are find-
ing the relative intensity of the echoes compared to the
strongest outgoing signal. To do so, we proceed as fol-
lows: we setup a logarithmic 1D grid of widths centered
at σDW =
√
27rg/2` – the width of maximum transmis-
sivity according to the DeWitt approximation [44] – and
spaced by increments of
√
2σDW. Then, we find the am-
plitudes of the first four echoes for every width of the
incident pulse without changing the cavity. In order to
determine the amplitudes of the echoes, we need to sub-
tract the reflection coming from the scattering of a single
barrier (i.e., the black hole case) by using the variable
∆U20|clean ≡ U20|original−Ubh20 . This requires a non-trivial
computational effort since each scattering scenario needs
to be solved twice (one for the wormhole and one for the
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FIG. 8. Left panel: Asymptotic evolution of the quadrupole mode U20 for σ = 0.6495rg. Echoes are plotted in the upper
corner of the plot, showing them along with their Hilbert envelope (the curves in green) and maximum amplitudes (in red).
Right panel: Asymptotic evolution of the quadrupole mode U20 for σ = 5.196rg. In contrast with the left panel, echoes are four
orders of magnitude smaller than the transient. The amplitude of the transient in the right figure has decreased with respect
to the one in the left panel.
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FIG. 9. Comparing the reconstruction of the spectrum by
the geometrical optics approximation in (13) (in red) with
the Fourier transform of the full asymptotic solution U˜echo20
(in blue). The color stripes indicate a few of the first QNM
frequency peaks corresponding to ω3 = 0.251M
−1 in golden
rod, ω4 = 0.207M
−1 in peru, ω5 = 0.169M−1 in plum,
ω6 = 0.133M
−1 in light blue and ω7 = 0.092M−1 in rosy
brown, these are the real parts of the QNM frequencies for
n = 3, 4, 5, 6 & 7 calculated in [34].
black hole) in order to clean up the signal and obtain a
clear view of the echoes. Once the signal is refined, we
find the continuous envelope of the asymptotic solution
by calculating its Hilbert transform [46], represented as
the green curves in the upper corners of Fig. 8, and there-
fore, the amplitudes of the echoes are the local maxima
of these envelopes (the red dots in the same figure).
Our results can be found in Fig. 10, where we notice
in the left panel the presence of a well-defined maximal
amplitude of the first four echoes. This is consistent with
the idea of a range of frequencies/widths that maximize
the amplitudes of the echoes, as shown in the analysis
of the reflection and transmission coefficients: the cav-
ity is transparent for small widths of the ingoing Gaus-
sian (large frequencies) and is reflective for wide incident
pulses. In the right panel, we observe the growth of the
relative amplitude as the widths become smaller. Such
a fact only means that the reduction of the transient is
faster than the reduction of the echoes as the frequencies
grow, as the cavity becomes more transparent the ingo-
ing pulses get transmitted more efficiently. Consequently,
this analysis is useful to get a basic understanding of the
frequency/width scales in which echoes could be observ-
able.
III. SCATTERING OF TENSOR
WAVEPACKETS
Following the perspective of the even/odd parity de-
composition for tensor perturbations of a spherically
symmetric spacetime [35–37], we implement all the tech-
niques used in section II and extend our analysis to study
the scattering of a test Gaussian wavepacket of tensor
perturbations. From now on, we will follow the conven-
tions in [47], including the choice of the Regge-Wheeler
gauge. The dynamics of the wave scattering problem is
given by two equations of motion of the form(
˜− Veff
)
Ψ`m = 0, (15)
here ˜ ≡ gab∇a∇b is the 2D d’Alembertian operator in
the usual (a, b) → (t, r) Schwarzschild coordinates. Veff
corresponds to one of two possible potentials, the Regge-
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FIG. 10. Left panel: Amplitudes of the first four echoes as a function of σ for ` = 2, we observe the presence of a maximum
amplitude of all the echoes at roughly σ ≈ rg, which is not incompatible with the de DeWitt approximation. Right panel:
Relative amplitude of the first four echoes compared to the amplitude of the transient. The points represent the simulated
wormhole/black hole pairs used in our analysis.
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FIG. 11. Left panel: Plot of the Regge-Wheeler potential (Vodd ≡ [1− rg/r(|x|)]Vodd) as a function of the tortoise coordinate
x. Right panel: Difference between the Regge-Wheeler and Zerilli effective potentials ∆V = Vodd−Veven. The difference of the
two potentials is below the order of 1% for (` ≥ 2).
wheeler (odd) potential, Vodd
Vodd(r) = `(`+ 1)
r2
− 3rg
r3
, (16)
or the Zerilli (even) potential, Veven
Veven(r) = 1
Λ2
[
µ2
(
µ+ 2
r2
+
3rg
r3
)
+
9r2g
r4
(
µ+
rg
r
)]
,
(17)
where µ ≡ (` − 1)(` + 2) and Λ ≡ µ + 3rg/r. All the
source terms proportional to the stress energy tensor and
its contractions appearing in the right hand side of (15)
in [47] are not considered for the scattering problem. The
introduction of tortoise coordinates (t, x) is also very con-
venient and works in exactly the same way as in (3) and
(4), in these coordinates the waveform of the two equa-
tions of motion – one for the odd parity modes and an-
other for the even – is given by[−∂2t + ∂2x − Veff(x)]Ψ`m(x, t) = 0, (18)
where Veven ≡ [1 − rg/r(|x|)]Veven and Vodd ≡ [1 −
rg/r(|x|)]Vodd. Recalling the procedure followed in sub-
section II B, our setup already includes the effective po-
tentials for the Morris-Thorne wormholes, obtained by
reflection of the potential barriers about the ordinate
axis. The effective potentials are plotted in the left panel
of Fig. 11, which is very similar to the one in the scalar
scattering. In the right panel it is possible to notice that
the difference between the potentials is only substantial
at (` ≤ 1). Both the even and odd solutions of (15) and
(18) are already spherical modes used to find the two
asymptotic polarizations of the tensor fluctuations prop-
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FIG. 12. Asymptotic solution of Ψodd20 considering an incident
wavepacket with σ = 0.9185rg
agating in a flat background, such as the term in the
diagonal, h+
h+ =
1
r(|x|)
∑
`,m
{
Ψeven`m
[
∂2θ +
1
2
`(`+ 1)
]
Y`m(θ, φ)
−Ψodd`m
im
sin θ
[
∂θ − cos θ
sin θ
]
Y`m(θ, φ)
}
, (19)
and the off-diagonal, h×
h× =
1
r(|x|)
∑
`,m
{
Ψodd`m
[
∂2θ +
1
2
`(`+ 1)
]
Y`m(θ, φ)
+Ψeven`m
im
sin θ
[
∂θ − cos θ
sin θ
]
Y`m(θ, φ)
}
. (20)
From these expressions, it is simple to see that the the
monopole (` = 0) and the dipole (` = 1) terms are iden-
tically zero. Thus, the first nontrivial contributions come
from the quadrupole solutions Ψodd20 (x, t) and Ψ
even
20 (x, t),
from which the differences in the odd and even potentials
are small, and become even smaller for every ` > 3, as
we can see in right panel of Fig. 11. Additionally, it is
reasonable to identify h+ with the even mode and h×
with the odd in the equatorial plane up to a constant.
Hence, our analysis for the scattering dynamics and the
reflected/transmitted frequencies does not require from
both the even and odd solutions of (18) to extend the
discussions from section II. However, we will explain one
of the consequences of the difference between the Regge-
Wheeler and Zerilli potentials in subsection III A.
In analogy with the previous section, now we solve the
equations of motion for the scattering process. Our setup
for the initial conditions of Ψodd20 (x, 0) and Ψ
even
20 (x, 0) and
their time derivatives is not different from (8)
Ψodd20 (x, 0) = exp
(
(x− x0)2
2σ2
)
,
∂tΨ
odd
20 (x, t)
∣∣∣∣
t=0
= ∂xΨ
odd
20 (x, 0), (21)
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FIG. 13. Asymptotic solution of Ψodd20 considering an incident
wavepacket with σ = 5.196rg. The amplitude of the echoes is
four orders of magnitude smaller than the transient.
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FIG. 14. Evolution of Ψodd for an ingoing Gaussian pulse
with σ = 0.9185rg.
and the same applies for Ψeven20 and its initial time deriva-
tive. Using σ = 0.9185rg, the same initial position of the
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FIG. 15. Left panel: Reflection and transmission coefficients for σ = 0.9185rg and the quadrupole `,m = (2, 0), the
“sweet spot” in the frequency domain is located around the intersection at R2 = T 2 = 0.5. Right panel: Geometrical optics
reconstruction is plotted in red, and it is compared with the Fourier transform of the asymptotic solution shown in Fig. 12.
Ignoring the low frequency peaks (introduced by the finite size of the simulation box), we notice that the reconstructed spectrum
provides a good idea of the overall shape, but it does not reproduce the power in the frequency of the QNMs. Our results are
not dramatically different for the solutions of Ψeven.
Gaussian wavepackets – i.e., x0 = 60.0rg – and the same
separation between potential walls – i.e., r0 = 20.0rg –
as before. We show the evolution of Ψodd20 (x, t) in Fig. 14,
where the dispersion of the ingoing pulse is not signifi-
cantly different from our results in the left panel of Fig. 7:
this is not surprising due to the similarities between the
shapes of the effective potentials for scalar and tensor
modes, which seem to become even more similar for
higher values of `. At late times, the cavity is filled show-
ing an interference pattern. Internal reflections make the
QNMs propagate for longer in the spheres of maximum
effective potential.
In Figs. 12 and 13 we see the asymptotic behavior of
two solutions with σ = 0.9185rg and σ = 5.196rg, re-
spectively. Observing that the amplitude of the echoes
is not large in general, since it varies depending on the
spectral content of the initial pulses, which are not the
same in the case of initial Gaussian wavelets with differ-
ent widths. In analogy with the scalar case, we notice
in the upper corner of both figures that the amplitude of
the echoes does not decay exponentially in time.
Frequency dependent reflection and transmission coef-
ficients can be calculated by studying a scattering prob-
lem with a single potential wall, as we noticed in subsec-
tion II A, this is simply achieved by doing an algebraic
inversion of the tortoise coordinate definition in (4): here
the inverted function is evaluated in x − rg instead of
|x| − rg. The definitions of the reflectivity and transmis-
sivity coefficients for an individual potential wall remain
the same as in (9)
R(ω) ≡ ||Ψ˜
odd
ref (ω)||
||Ψ˜oddinc (ω)||
, T (ω) ≡ ||Ψ˜
odd
trans(ω)||
||Ψ˜oddinc (ω)||
, (22)
where we compute the one dimensional Fourier trans-
forms of the incident Ψ˜oddinc (ω) = F [Ψoddbh (x, 0)], reflected
Ψ˜oddref (ω) = F [Ψoddbh (+∞, t)] and transmitted Ψ˜oddtrans(ω) =F [Ψoddbh (−∞, t)], where the label (bh) stands for the so-
lutions of the scattering problem of (18) with a single
potential barrier. These single barrier solutions are not
only necessary for the study of the potential cavity, but
also to clean up the low frequency (high σ) solutions,
since in those scenarios it is not simple to determine the
amplitude of the echoes. All of the aforementioned defi-
nitions are also applicable for Ψeven.
In the left panel of Fig. 15, we show the reflection and
transmission coefficients as functions of the frequency,
noticing that the two curves intersect at R2 = T 2 = 0.5,
as expected. The identity R2 + T 2 is approximately sat-
isfied. As a next step of our analysis, we reconstruct
the Fourier transform of the asymptotic pulse shown in
Fig. 12. We employed the definition of the geometrical
optics approximation in (13), applied up to i = 0, in the
Fourier transform of the Gaussian incident wavepacket
in order to obtain the reconstructed profile in the right
panel of Fig. 15. The signal reconstructed using the geo-
metrical optics approximation provides a better represen-
tation of the total reflected pulse as the ingoing wavelet
gets wider, and therefore, it has more power in lower fre-
quencies.
Motivated by the drastic change in the amplitudes of
the echoes seen in Figs. 12 and 13. We now explore
the dependence of the amplitude of each individual echo
with the width of the incident Gaussian pulse. To do
so, we follow the same procedure explained by the end
of subsection II B: we construct a logarithmic grid in σ,
centered at σDW =
√
27rg/2` and spaced in intervals
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FIG. 16. Left panel: Amplitudes of the first four echoes of Ψodd20 as a function of σ for ` = 2. Right panel: Relative amplitude
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FIG. 17. Asymptotic solution of an ingoing Gaussian pulse
with σ = 16 rg after its dispersion by a Morris-Thorne worm-
hole with a longer throat (with a length of 100 rg). The
amplitude of the transient is three orders of magnitude larger
than the first echo, showing that the echoes do not have a
generically large magnitude.
of
√
2σDW. In addition to this, we define the variable
∆Ψoddclean ≡ Ψoddoriginal − Ψoddbh in order to clean the solu-
tions from backscattering effects coming from the po-
tential tails, which complicate the task of determining
the amplitudes of the echoes with high σ/low frequency.
Once the solutions are clean, the most effective way to
find the maxima of each echo is by calculating the local
maxima of the Hilbert envelope for the clean signal. In
this case, the Hilbert envelopes are the green curves in
the upper corner of Figs. 12 and 13 and the maxima are
the red dots on top of each curve. This labor is even
more computationally expensive than in the scalar case,
not only because we are solving the scattering problem
for two systems – one with a single potential barrier and
another with the potential cavity – but also we are now
working with the two polarizations (i.e., the even and
odd solutions). Our results of the amplitude analysis in
Fig. 16 show the existence of a value of σ maximizing the
amplitude of the echoes. This is compatible with the no-
tion of a band of widths/frequencies in which the echoes
have sufficient amplitude to be measured.
It is reasonable to consider the length of the throat for
a Morris-Thorne wormhole as a parameter modulating
the echoes solutions. Thus, we rerun our simulation to
consider the scattering of a Gaussian pulse with σ = 16 rg
by a wormhole with a larger throat (with a length of
100 rg, which is more than two times larger than the
cavity used in the previous configuration). In the main
panel of Fig. 17, we show that the transient has a slightly
larger magnitude: this is consistent with an increase of
the wall reflectivity at lower frequencies seen in the left
panel of Fig. 15. Each of these potential barriers has
the same shape of the potential barrier as in the scenario
depicted in Fig. 11, it is, therefore, still possible to find
a frequency “sweet spot” for each wall. In the upper
corner of Fig. 17, we find that the amplitude of the echoes
is three orders of magnitude smaller than the transient,
after removing all backscattering effects from the signal.
In the same figure, we notice that the time separation
between echoes coincides with the time elapsed after two
internal reflections, being greater than the time breach
between echoes seen in Figs. 8, 12 and 13.
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A. Echoes and gravitational wave polarimetry
The small difference in the Zerilli (even) and Regge-
Wheeler (odd) potentials is shown in the right panel of
Fig. 11 has a particular effect in the outgoing waves. In
order to illustrate it, we will just work with the even
and odd quadrupole signals in the equatorial plane. In
the case of a generic spherical mode with equal contribu-
tions from Ψodd20 and Ψ
even
20 , which are the first nontrivial
contributions to (19) and (20), we notice that the two
polarizations are reduced to
h+(x, t) =
Cθ
r(|x|)Ψ
even
20 (x, t),
h×(x, t) =
Cθ
r(|x|)Ψ
odd
20 (x, t), (23)
where Cθ is a constant coming from the normalized
spherical harmonics evaluated at θ = pi/2. Considering
σ = 0.6495rg, the parameters of the cavity used in sec-
tions II and III and the same initial Gaussian pulses for
Ψeven20 (x, t) and Ψ
odd
20 (x, t). As can be noticed in Fig. 18,
we show that the difference between the potentials in-
duces a relative phase between the odd and even solu-
tions, generating an outgoing wave with a net polariza-
tion oscillating from even (h+) to odd (h×) and only
visible after the transient. It is interesting to notice that
these small effects are present even when the target is
spherically symmetric. Spin-orbit coupling between the
spin-2 gravitational pertrubations and the angular mo-
mentum in Kerr-like solutions might enhance the polar-
ization effects.
IV. CONCLUSIONS
In this paper, we studied the scattering of a test scalar
and tensor wavepacket on a Morris-Thorne wormhole.
Using a Gaussian pulse as an incident initial condition,
we showed the time dependent scattering solution of the
quadrupole scalar and tensor spherical modes both inside
and outside the potential cavities in Figs. 7 and 14, which
reflect and transmit throughout the cavity. Furthermore,
after finding the transmission and reflection coefficients
of the cavities in Fig. 4 and in the left panel of Fig. 15,
we used the geometrical optics approximation to recon-
struct the shape of the Fourier transformed asymptotic
solutions in Fig. 9 and in the right panel of Fig. 15. We
find that the reconstructed shape of the spectrum is ac-
curate, without showing, however, the QNM peaks.
In this paper, we show that in general, the echoes do
not have a large amplitude as we can see directly in the
left panel of Figs. 8, 13 and 17, where we also observe
that the amplitude of the echoes does not decay expo-
nentially in time. In addition to this, we found that there
is a band of preferred frequencies (and the widths of the
corresponding ingoing Gaussian signals) where the ampli-
tude of the echoes is maximized. Such a frequency band
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FIG. 18. Since the phases of the asymptotic solutions are
random, we compare the Hilbert envelopes of the two clean
solutions for echoes. The outgoing envelopes have a small
relative phase shift due to the difference in the potentials,
inducing a net even (h+) polarization in the intervals shaded
in green, and an odd (h×) polarization in the intervals shaded
in red. Therefore, the cavity is analog to an optically active
medium changing the polarization of the ingoing Gaussian
wavepacket.
is centered around the “sweet spot” in which the coeffi-
cients of transmissivity and reflectivity overlap, and it is
precisely where the QNMs peaks are squeezed in. We ex-
tended our analysis to find the range in which the width
of the incident pulses maximize the amplitude of the first
four echoes, and how large is their amplitude compared
to the transient. For small widths, this ratio could be as
large as 0.15, we should notice, however, that the ampli-
tude of the transient gets also suppressed in this range.
In Figs. 10 and 16, we found that for low widths of the in-
going signal, as the widths become smaller, the transient
decreases faster than the amplitude of the echoes. In the
study of the gravitational wave scattering by a Morris-
Thorne wormhole, we find small differences between the
Regge-Wheeler and the Zerilli effective potentials, as de-
picted in the right panel of Fig. 11. As it is visible in
Fig. 18, such a difference modifies the polarization of any
ingoing wave in a way analog to the dispersion across
an optically active medium, opening the possibility of
studying gravitational wave polarimetry.
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